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781. 


ON THE AUTOMORPHIC TRANSFORMATION OF THE BINARY 
CUBIC FUNCTION. 


[From the Proceedings of the London Mathematical Society, vol. x1v. (1883), 
pp. 103—108. Read Jan. 11, 1883.] 


I CONSIDER the cubic equation (a, b, c, d§jw, 1)}=0. It is shown (Serret, Cours 
d Algèbre supérieure, 4th ed., Paris, 1879, t. 11. pp. 466—471) how, given one root of 
the equation, the other two roots can be each of them expressed rationally in terms 
of this root and of the square root of the discriminant; viz. making the proper 
changes of notation, and writing 
A, B, C=ac—B, ad—be, bd- ¢, N=V—-4, 
Q = B-—4AC, =a'd? + 4ac? + 4b°d — 3b°c? — 6abed, 


= Oe g- +20 _-24 a0 -B 
NE A AN een? = OO” 


(values which give a+5=—1, að— y=- 1, and therefore also 
Æ + að + & + By =0, 

ax + B 

ye +ò’ 

third order, ¢’v=w), then, u being a root of the equation, say (a, b, c, dẸýu, 1} =0, the 

other two roots are 


which is the condition in order that the function gv, = 


may be periodic of the 


_at+ BP 
~ gut 8’ 


pu, 
oi (@+By)u+B(ats) 8 
a+ RUT ANT u— 
= h! =-—— meet = — 
Pi = G Ty r r A ales ober’ 
where observe that, by the change of yQ into — vQ, a, B, y, è become ò, — 8, — y, 4; 
so ‘that the last-mentioned value ¢-w is, in fact, the value obtained from gu by the 
mere change of sign of the radical. 


52—2 
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It is to be observed that, if we have between two roots u, v of the equation 


(a, b, c, d§a, 1% =9, 
au + B 
yu +ò’ 
a relation between a, b, c, d (and the given values of a, B, y, 5), and it implies more- 
over that u, and consequently also v, are not any roots whatever, but two determinate 
roots of the equation; viz. u, v will be each of them expressible rationally in terms 
of a, b, c, d and a, B, y, Ò© And if, in order that (a, b, c, d) may remain arbitrary, 
we consider a, 8, y, 5 as given quantities satisfying the relation which exists between 
these quantities and (a, b, c, d), then in general we still have u, v determinate roots 
of the cubic equation. But in the foregoing solution w is any root whatever of the 
cubic equation. 


a relation v= where a, B, y, § have given values, this implies in the first place 


To examine how this is, starting from the equations 


(a, b, c, dgu, 1%=0, (a, b, c, d0u 1P=0,_ v= 


we have 
a (u? — W) + 3b (uw? — v*) + 3c (u — v) = 0, 
and therefore 
a (u? + uv +v) + 3b (u+v)+3c=0, 
that is, 
av? + (au + 3b) v + au? + 3bu + 3c =0; 


or, writing herein for v its value, 


a (au + BY + (au + B) (yu + 8) (au + 3b) + (yu + 8) (au? + 3bu + 3) =0; 
that is, 
a (au + BP + ay (au? + 3bu?)+ y (aut + 3bu? + 3cu?) 


+ (aò + By) (au? + 3bu) + 2yò (au? + 3bu? + 3cu) 
+ BS (au +3b) + & (au +3bu +c)=0; 
or, reducing by the equation au’ + 3bu? + 3cu + d = 0, this is 
a (au + BF + ay (—3cu—d)+ y (— du) 
+ (aò + By) (au? + 3bu) + 2yè (— d) 
+ BS (au+3b) + & (aw + 3bu + 3c)=0, 
and, collecting the terms, this is 
wa (Œ + ad + 6 + Bry) 
+ u {a (2a8 + BS) + 3b (ad + & + By) — 3cay — dy’} 
+ af? + 3bB8 + 3c + d (— ay — 2yò) = 0. 


We can, from this equation, and the equation au’ + 3bu? + 3cu + d = 0, eliminate u, thus 
obtaining a relation between a, b, c, d, a, 8, y, 5; and, this relation being satisfied, the 
two equations then determine w rationally in terms of these quantities. 
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We may without loss of generality assume a5— @By=1; and, this being so, if we 
then further assume a+ ô= — 1, then we have 


a? + aò + & + By =0, 


which is, as above appearing, the condition for ¢’=0. The foregoing equation in wu 
thus becomes 


u {aB (a— 1) — 3bæ — 3cay — dy?) 
+ (aß? + 3bB8 + 3c8 — dy (è — 1)}=0; 


a linear equation giving (in a simplified form) the like results to those given by the 
quadric equation; viz. substituting in the cubic equation the value of u given by the 
linear equation, we have a relation between a, b, c, d, a, B, y, 6; and, this relation 
being satisfied, u has the determinate value given by the linear equation. 


The only way in which u can cease to have this determinate value, and so be 
capable of being any root whatever of the cubic equation, is when the linear equation 
becomes 0 =0; viz. if 

aß (a — 1) — 3bæ — 3cay — dy? = 0, 
aß? + 3086 + 3c% — dy (ò — 1) = 0, 


equations which are, in fact, satisfied by the foregoing values of a, 8, y, 6, as may be 
verified without difficulty. 

au + 8 

yu + 8’ 


It is to be remarked that if, instead of the root u and the equation v= 


we consider the root v and the equation u= et then, instead of a, B, y, 5, we 
have 8, —8, — y, a, and the corresponding equations are 

aß (8—1)+3be + 3cyò + dy? ='0, 

aS? + 3ba8 + 3cæ + dy(a—1)=0, 


equations which are also satisfied by the foregoing values of a, 8, y, 6. And the four 
equations, together with aS—Py=1 and 2+6=1, are more than sufficient to determine 
the foregoing values of a, B, y, ò. 


But we further verify without difficulty that the foregoing values of a, 8, y, ò give 


identically 
(a, b, c, daz + By, yo + yy = (a, b, c, da, y’; 


or the formule lead to an automorphic transformation of the binary cubic (a, b, c, da, y¥. 
And conversely, starting from the notion of the automorphic transformation of the binary 
cubic, we ought to be able to obtain the foregoing formule. 


For greater convenience, I write the equation of transformation in the form 


(a, b, c, dYax+ By, yet dy)=— 0 (a, b, c, dXa, yy; 
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the equations to be satisfied by a, 8, y, 5, 0 then are 


a +b. 30y +c. 3ay? + dy? =— að, 

aß + b (aS + ary) + c (2ayd + By) + dys = — b0, 

aap? + b (2aßè + By) + c (aò + 2Byò) + dyè? = — cA, 

ap? +b. 38% +¢.38& +d® =-dé. 
Writing a5-—By=V, and as before © for the discriminant, the theory of invariants 
gives 0V8=064, We are considering the case of the general cubic function (a, b, c, d¥a, y}, 


for which Q is not =0; and we have therefore V*—64=0, or, what is the same thing, 
we may write V =œ, @=q°, where q is arbitrary. 


It is to be shown that a+6 is =q or — 2q, the latter, value giving the trivial 
solution az + By, yx + ôy = (w, y). The proper solution thus corresponds to V =°, 4+6=4, 
that is, 

(a + ò — (ad — By) =0, or a + & 4+ 485+ By = 0, 


the condition for the periodic function ¢*z — æ = 0. 
For this purpose, from the foregoing equations eliminating a, b, c, d, we have 
| a+ 6, Baty ; cay” ge 1 0; 
aR, BS +20By +0, Zayd tB, yÈ 
| aB?, 2aBS+ Bry , að+2Byð +0, ye 
| fi, 38° ; 36è , +8 
an equation which may be written 


O + 0 (123 + 234 + 341 + 412) + @ (12 + 23 + 344414134 42)+6(14+24+34+4)4+=0, 


where 123, &c., are the first diagonal minors, 12, &c., the second diagonal minors, 1, &c., 
the third diagonal minors, or diagonal terms of the foregoing determinant, writing 
therein 0=0. We find without difficulty 


I, 3 34 =a", vd + 2aBy, að? + 2By6, 8, 
12, 13, 14, 28, 24, 34 = fat, æ (a8 + 38y), (028? + adBry + By’), 
(28 + adBry + B), & (ad + 38y), ò} V, 
123, 124, 134, 234 = {a’, a (að + 28y), 8(ad+2By). &} V3, 
o S V4, 
and the equation thus is 
0! 
+ O [2 + 0S + að? + 8 + 2aBy + 28y] 
+ AV [att oS + ad + 84-4 Ba2By + BBryd? + 20°? + 2adBry + 267] 
+9 V° [a+ 8+ (a+ 8) (aò + 28y)] 
+ SRG) 
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Putting herein a+d=m, ad5=n, By =n— V, it is found that n disappears altogether 
from the equation; viz. the resulting form is 


+ Bm (m?—-2V)+ OV (m —3Vme+2V)+0Vm(m-—2V)+V!=0, 
or, what is the same thing, 
m. PV +m (+ 0V*) — 380V 2m? —2(0V44+ BV) m+ 6 + 2AV3+ VF=0. 


Putting for 0, V, their values q’, g, the equation divides by g*, and omitting this 
factor it becomes 
mt + Imig — 38m2q? — 4g? + 4g =0; 


((m — q) (m + 29)? = 0, 


m=q or —2q; that is, a+d=q, or a+ ô= -— 2q. 


viz. this is 


or we have 


Writing, as before, A, B, C=ac—b’, ad—be, bd—c*, we deduce from the foregoing 
equations 
PA = 73 AG +B.ay + Cry?], 


PB = V? [A . 248+ B(ad + By) +C . 248], 
OC = V [AA +B. Bs + 08}, 


which are, in fact, the equations for the automorphic transformation of the Hessian 
(A, B, C(x, y) And, writing herein 0, V =4q', q?, the equations become 


A (œ — gq?) + Bay +0. =O), 
Aa +B(ad+By—@)+C. 2d =0, 
AP + B Bò + 0(&-¢)=0. 


From the first and second of these we have , 
A:B:C=P(V +e) : — 2yaV + 2Wdq: eV —(a?+ 485+ By) +g; 


or, writing herein for V, qt the values gq’, q?(a5— By), the three expressions divide by 


2yq°, and we have 
ABS OS SE pc: ee a we 8 


Combining these values in the first place with the equation a + ô= -— 2q, we may write 
a, B, y, S=—q—pB, — pC, 2A, — q + pB, 
where p is to be determined. Substituting in the last of the three equations, we have 
A . 40° — 2pBC (— q + pB) + C (— 2pqB + pB?) = 0, 
pO (44C — B>, =- p. CQ, =0, 


that is, 


and the form (a, b, c, dýæ, y) being arbitrary, neither C nor Q is = 0 ;. whence p= 0, and 
the values are a, 8, y, 5=—4q, 0, 0, —q, that is, 


(a, b, c, dý- qr, — qy =- f. (a, b, c, dý, y}, 


a trivial result. 
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But, combining the same values with a+é6=gq, we have 
a, B, y, 8=49—pB, —2p0, 2pA, 39+ pB; 
and then, substituting in the third equation, we have 
a A . 4p°C? — 2pBC (4q + pB) + C (— 3¢° + pqB + pB) = 0, 
s C (440 — B’) P - 39°} =0, 


or, omitting the factor C, and introducing the foregoing notation M’ =-— +4, this is 


1 
4.0Mp? — g? = 0, or say P= x 70% 


For the unimodular substitution aô — y= 1, we must have = 1: but, the transforma- 
tion being i 


(a, b, c, dYax+ By, ye + òy’ =- . (a, b, c dha, y’, 
to make this strictly automorphic, we must have g*=—1, and the two conditions are 


satisfied by q=—1; we then have p=— Pert and the coefficients are 


aB 5 TAVO +B 20.. -24 ~-rVO~-B, 
n MT h a ON Qa a’. val ek 


which are the values given at the beginning of the paper, and which belong to the 
automorphic transformation 


(a, b, c, d¥ax+ By, ywt+ dyP=(a, b, c, dý, y’. 


The à priori reason for the periodicity-equation ¢’v¢=2, is best seen by expressing 
the cubic function as a product of factors 


M (æ — ay) (æ — by) (x — cy). 


The substitution must, it is clear, cyclically interchange these factors, and therefore, 
when performed three times in succession on any one of these factors, or consequently 
upon an arbitrary linear factor æ— fy, must leave the factor unaltered, and it must 
thus be a periodic substitution $s =æ. But it was interesting to see how the condition 
for this, a + + aô + By =0, comes out from the consideration of the equation 


(a, b, c, dYax+ By, yo+dyyP=(a, b, c, dXa, yy. 
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